We show pointwise estimates for the maximal operator of the Ornstein-Uhlenbeck semigroup for functions that are integrable with respect to the Gaussian measure. The estimates are used to prove pointwise convergence.
k(t, x, y) -n
(1 -e ) exp -■-Z^L-, t > 0, x £ R .
This family of operators was considered by L. S. Ornstein and G. E. Uhlenbeck to construct a theory of Brownian motion [N] . The infinitesimal generator of this semigroup is L = ^A -x ■ V, and the eigenfunctions are the Hermite polynomials. If 0 < r < 1 then the Poisson-Hermite integral of the function / is given by PrfM = TXogif(x).
For x £ R" we set y(x) = n~"/2e~'x' , and given p > 1 , by Lp(Rn, y) we denote the class of functions that are integrable to the pth power over Rn with respect to the measure y(x) dx . Also, || • || denotes the usual norm. Let P*f(x) = sup \Prf(x)\.
0<r<l
In one dimension the maximal operator P* was studied by B. Muckenhoupt [M] in 1969 and, independently, by C. P. Calderón [C] also in 1969. They showed that P* is bounded in LP(R, y) if p > 1 and is of weak-type (1,1) with respect to y. C. P. Calderón [C] , by adapting the well-known results of Abel and Cesàro summability of the multiple Fourier series to the case of Abel summability of multiple Hermite series, (see [Z] ) has shown the boundedness in LP(R" , y), p > 1, of P* with respect to the Gaussian measure. This paper concerns the behavior of P* in Ll(Rn, y). We introduce the centered maximal function defined by Myf(x) = sup -^--f \f(y)\y(y) dy, y r>0 y(Br(X)) JBr [x) Br(x) is the ball in Rn with center x and radius r, and y(Br(x)) = $B<x)y(t)dt. The standard proof using the Besicovitch covering lemma shows that M is of weak-type (1,1) with respect to the measure y dx. In this paper we show the following:
Theorem. If f £ Ll(R" , y) then the following pointwise estimate holds: P*f(x) < cnMyf(x) + (2 V |x|) Vx|211/11 lr Also Prf -► / as r -> l~ in L (Rn , y) and for almost every x we have Pvrrsf(y/VT^)^f(x), as s -► 0 for \x -y\ < s]/2.
In one dimension our theorem gives a new proof of the weak-type ( 1, 1 ) of P* proved in [C, M] . This follows because the function (2 V |x|)e belongs to weak Ll(R, y) ; see (5) below.
Proof of the theorem. We may assume / > 0. If we set u(y,s)=s-"'2jRny{^)f(z)dz,
We introduce the maximal function
Mf(x) = sup u(y, s),
where T(x) = {(x, s) : \x -y\ < sl/2, 0 < s < l/|x|2 A 1/4}. We shall show that
(1) P*xf(x)<Mf(x)<cnMyf(x) and (2) P27W<(2VW)V^|"II1>,/.
The first inequality in (1) follows because if0<r<l/|x| Al/4 then (vT^lx, o £ r(x).
1 ¡1
Now set a = j ' for j -1, 2, ... . We write u(y, s) = s-n/2 Y [ y (y-^jf) f(z) dz.
Ja^2<\y-z\<a,^2 \ S1'2 J J=l '«,_,*" £l*-*l<«; l/2 tVinri lr_»l^n±« \ci/2
If (y, s) £ T(x) and \y -z\ < OjS ' then \x -z\ < (1 + a;.).s ' and quently, u{y,s)<s~n/2J2y(ai-i) nf(z)dz. By adding in j we get for (y, s) £ T(x) u(y,s)<cnM7f(x), and then the second inequality in ( 1 ) follows. To prove (2) observe that if 0 < t < s and x , y £ R" then for any z £ Rn we have \y-z\2 \x-z\2 < |y -x|2
Thus ( §\n/2 I |j£ -yl \ -j exp I s_t I , for 0 < t < s . In particular (vT^Ijc, 0 < k(0, l)(l/t)n/2eMl
C. E. GUTIERREZ AND W. O. URBINA for 0 < t < 1. If t > l/\x\2 A 1/4 then l/t < (2 v |x|)2 and hence (2) follows.
The convergence in L is proved in the same way as in the proof of Theorem 2 of [M] .
To show the a.e. convergence define ilf(x) = lim sup \u(y, s) -f(x)\ ) , Q_,° \(>'-i)er(x), o<5<a J and set / = /0fc + /(l-^) = /,+/2, where k is an integer greater than 1, and <j>k is the characteristic function of the ball Bk(0). We shall show that (3) n/(x) < cnMyf2 (x) for every k > 1 and almost every x with \x\ < k -1 . We have that
for almost every x . Let x be a point satisfying (4), then for every e > 0 there
for 0 < r < Ô . Set g [Z) 10, Íf|x-Z|>r5, and notice that Myg(x) < e . If we set ut(y, s) = ysi/i * f(y), i = 1, 2 then we have u(y, s) -f(x) = ux(y,s)-fx (x) + u2(y, s) -f2(x). We write u,(y. s) -f,(x) = n-"'2s-"l2f y (^f) (/i(z) -7iW)<iz \^|x-z|<5
J\x-z\>Sj = 1 + 11.
If |x| < /c -1 and (y, 5) £ T(x) then by (1) we have |/| < Mg(x) < cnMyg(x) < cne.
To estimate //, observe that if \x -y\ < s ' and ô > 2s ' then \II\<7i-n/2s'n/2 í e-¡y-z¡2,s\fx(z)\dz
J\y-z\>S/2 -n/2 -n/2 f -\y-z\2/s, r , ,, , If \x\ < k then f2(x) = 0 and consequently by (1) \u2(y, s) -f2(x)\ < cnMyf2 (x) for (y,s)£ T(x).
Therefore, collecting estimates and taking supremum over (y, s) £ T(x), 0 < s < a, and letting a -► 0 we obtain nf(x)<cn(s + M7f2(x)),
for every e > 0, and a.e. x with \x\ < k -1, which gives (3). Given e > 0, Allí.* (B) The theorem implies that Pr(x) -> f(x) as r -► 1~ a.e. This last result can also be obtained as a consequence of Lemma (2.17) of [C] . The onedimensional case is due to E. Hille [H] .
